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This appendix contains proofs, algebraic derivations, detailed description of economet-

ric methods and additional empirical results. If the reader is primarily interested in the

derivations and empirical results, the description of the computation algorithms can



be skipped. Equations in this document are numbered with the suffix ‘S—’. Equations
without suffix refer to the main paper.

We will make repeated use of the following references, which we abbreviate as
indicated for brevity: MPvic stands for Magdalinos and Phillips (2009a) , MPet stands
for Magdalinos and Phillips (2009b) and KMS stands for Kostakis, Magdalinos and
Stamatogiannis (2015) .

2 Overview of notations

We list here all the notations. The model is

AYi = A}/leg + X151 + €1
AYy = Xothy + vg

with X, = [Y5: X5 : 1], where Y contains the stacked elements of Y5; ;. The AR
statistic for testing Hy : b1 = b9, is the square of the t-test of 6, = 0 in

AY) — AYob), = X101 + 20, + &0

with instruments Z; = [z : X;]. Under Hy, the residual €; is é; = My, (AY; — AY3b9).
We denote
XQZD/QZXQ:él]

with instruments Z, = [z: X5 : &) and 0y = AY, — )A(giﬂg where &z is the IV estimator.
When necessary, we let
Xgl = [XQ . él] .

3 Proofs of results in the paper

The proofs use extensively the results of MPvic and KMS. These authors consider
sequences ag = ¢TI for ¢ < 0 and a € [0,1]. We prove in Section that their
theorems can be generalized to all sequences such that T'as — [—00, 0] provided that
the innovations satisfy a slightly more restrictive Assumption LP* that holds under
Assumption A made in our paper. Our setting presents some simplifications compared

to those of MPvic and KMS. Specifically, the generated instrument z; is predetermined



as opposed to the case considered by MPvic where it is not. Hence, cov (z,e1¢) = 0
and there is no need to estimate this covariance, so the condition b > 2/3 in MPvic is

not required.

3.1 Extending IVX to general sequences of parameters

In the following, we use the results of the papers by MPvic, Giraitis and Phillips (2006,
GP06, and 2012, GP12). We consider, for the processes with zy = o, (,/ L ), ie.

1-Ter
Ty = 0, (]cT\_l/ 2T 2) , where A denotes the minimum (and V the maximum). For
readability and comparison with MPvic, we use the following notation in this section

— and corresponding proofs — only:

Yy = 0y + uy,
Ty = PTTe—1 + Vs,
~t ,OT~ t—1 t (Sfl)
Z = pzZi-1 + Axy
2t = pPzZi-1 + U,
where as in MPvic,
pz=1+cT" be(1/2,1), c. <O. (S-2)

Notice that in the equation for y;, we retain the regressor x; as in MPvic, whereas
we use its first lag in our model. We keep this in order to show that the results of
can be generalized. It is then easy to provide the required results by appropriate
definition of the error process v; and of z5. Assumption b € (1/2,1) is found in MPvic:
it is required in the proofs of Proposition A2, Lemma 3.5 and Lemma 3.6, where u; is
expressed according to the Beveridge-Nelson decomposition of Phillips and Solo (1992).
When u; is i.i.d, as in KMS, the condition b > 1/2 is no longer required.

We extend below the results of MPvic, in the univariate case, to ¢y = pr — 1 admit-
ting a general formulation as in the following assumption which replaces Assumption
N of MPvic (which we refer to as MPvic-Assumption N):

Assumption N*: The coefficient cr = pr — 1 € (—=2,0] satisfies as T — oo one of

the three assumptions



(1) Tep —0;
(15) Tep — ¢ < 0;
(1ii) Tep — —o0.

Assumption N* is found in GP06 and GP12 who make a different assumption about

the dynamics of v, from that which is found in MPvic. Our assumption on the dynamics
of v; combines those of MPvic and GP12 so the results of both articles hold (and the
assumption of KMS when ¢r is constant also holds):
Assumption LP*: (u,v,) = F(L)g, = E;O:O fi€i—; where ¢, is an i.i.d sequence
with E (g;) = 0, E (g)) = X, E(Het||4) < oo, F'(1) has full rank, and, for k > 1,
Skl fil S kTR for k> 2.

Let F (L) = (F' (L), F' (L))" and the long run covariance

=F(1)XF(1).

Q'U/LL QUU
O —
[ QUU Q'U'U

We also let A, = 3% E (wvi—j), Auw = D21 E (uvr—;) with corresponding matrix
A that conforms to €.

We provide below the equivalent lemmas and theorems to MPvic under the As-
sumptions N* and LP* above. The only modification in the formulation of the lem-
mas and theorems concerns Assumption N*(7iz) which replaces MPvic-Assumption
N(ziz) . Under the former, the instrument is less persistent than the regressor when

pr —1=o0(pz — 1), i.e., instead of b < a in MPvic-Assumption N(éii) , we now have
cr=o0(T7"), (S-3)

and expression (MPvic-13) rewrites Z; = z; + crtbry.

We now state the required lemmas of MPvic under the new assumptions, keeping
the same number as in MPvic to show the relation under the new assumptions, but
adding a start (*). Hence Lemma 3.1 in MPvic becomes Lemma 1* here.

Lemma 1* Consider the model given by (S—1))-(S-2) under Assumptions N* and LP*
with ¢ = o (T*b) , the following approximations hold as 7" — oo :

() T7% 3wk =T Stz + 0, (1)

(i1) TS gz =TS we — T lepe, S 22 4 0, (1)

(iti) TS 2 =T ST 22+ o, (1),

Lemma 2* Consider the model given by (S—1)-(S—2) under Assumptions N* and



LP*. The martingale array Uy (s) = T3 tLTfJ [2:-1F, (1) & satisfies Uy (s) = U (s)
where U, is a Brownian motion with variance —iﬂuuﬂw and independent of B,
(B, (s) defined as limit of 7~1/2 tLTfJ v;). Joint convergence in distribution of Uy (1),
T S 2y qe and T lep Y01, 22 | also applies.

Lemma 5* Consider the model given by (S—1)-(S—2) under Assumptions N* (i) and
LP* with ¢! = o (Tb) and b € (1/2,1), then the following approximations hold as
T —00:

\/TTEt | Uil = \/TTZt L ey +0p (1)
(“ F Zt | TeZ = F Zt 12+ op (1)
(2id) CTT thl =% Zt:l i + 0, (1).
Lemma 6* Consider the model given by (S—1)-(S—2) under Assumptions N*(ii7) and
LP* where r; < T’cr < Ky, for some k1 < kg < 0, and b € (1/2,1) . Then the following

approximations hold as T" — oo :

(2) - (CZ + TbcT)T_# ZtT=1 (ut’gt - A(t)w) = N (07 %viQuu) ;
(1) — (cz + TbcT) T—(1+b) Zthl 15 %Qw;

(ii5) — (c,+ Tlep) T-0 ST 2 510,

Proofs of the lemmas are provided in Section [3.7]

3.2 Proof of Lemma P

The proofs for items (i), (i¢) and (éi7) follow from the result of MPvic where we have
established the equivalent lemmas for general sequences ¢y which becomes a5 in our
context. For items (iv) , we notice that the proof of Lemma 5* goes through with AY;_;
i=1,...,m—1in place of u;, because the part of Assumption LP* that requires F' (1)
to be of full rank is not needed in the proof of Lemma 5*. It also covers the case of
over differencing where as is constant. Joint convergence of (i), (i7) and (7iz) follows
from Lemma 2%*.

Parts (v) and (vi) follow from GP12, Lemma 2.1 and Theorem 2.2, who showed
that

%Zi@,t_lxﬁ 5 Syx, =12,
t=1

where Yy, x, is nonstochastic, and

[—ay VT T w
QT Z}/'Z,tflglt = N (O: §U§1> )
t=1



and the fact that xkr/T = o (%ﬁ) =o (=2 VvT?).

3.3 Proof of Proposition

The first equation is a linear IV regression, so the estimator of d; solves the equation
X{Zlf/f:lZ{ <AY1 — AYobyy — X151> = 0. Conditional homoskedasticity implies that
we can set Vf proportional to Z]Z;, so o, is 2SLS

51 = (X{PZ1X1)71 X{PZI (Aifl - AYVleg) .
Since Z; = (2, X1), this reduces to
o = (X1 X)) X! (AY; — AYabyy)

i.e., simply OLS of AY; — AY5b;5 on the exogenous regressors X;. The estimator of 0521
is simply 771 S, €2, where &;; = AYy, — AYaybyy — X},01. So,

%:(&>:<@n&>ﬂuAm—mwm>_ (5.4

—1 T 22
Ty 1€

Now, let us turn to equation . For convenience, define the ‘generated regressors’
Xt (1) = (Yau-1, X3y, hae (61))
and the corresponding ‘generated instruments’
Zoy (01) = (Zags hae (01))" = (21, Xy, e (61))

In what follows, we will omit the dependence of X, and Zs, on 6, for brevity, and
we will use the shorthand notation Xo; = Xof <b12,¢1> = (Ya,-1, Xét,élt)’, and sim-
ilarly for Zo. Because the second equation is a just-identified linear IV regression in
the (generated) regressors/instruments, the estimator o solves Fyr <b12, U1, 1[12) =0,
which yields B

b= (4%) 24, (S-5)



Subtracting 1, and substituting for AY, yields

~ A\ L4 A~ A\ L 4 o

Dy — b = (Z§X2> Zivg + (Z;XQ) e (51 - 51> doy (S-6)
Collecting terms yields

(X1X1) ™ Xia
A~ A N1 4 A A -1 5
(ZéXQ) Zél)g + <ZéX2> ZéPX1€1d21

Next, we need to get the estimator of the variance of 1@ First, note that Vf (b12),
the estimator of E [f; () f; ()], is block diagonal if we impose the orthogonality of
the errors 14, vy, because, at the true value of 0, E (f1; (0) fa: (0)") = E (Zue1v2:25,)

and Zy4, Zoy are predetermined, so E (e1,v2¢| Z14, Zor) = 0. Hence,

- (Vi (br2) 0
Vf (b12> - ( 0 ‘~/f2 (b12)> .

- 1 (21262 0
Vi (bre) = ﬁ( "o Tﬁ)

where w is an estimator of var ( ) Under the maintained assumptions, a consistent

Next,

estimator is given by @ = T1 Zt 1 (qt o ) If we assume that var (5115) = 204

61 €1’

which holds under Gauss1amty, then we can use @ = 252 .» as in Blanchard and Quah
(1989) and Gali (1999). Finally,

v2? V2

~ 1 A A
Vi, (bia) = T—Z’ch“r 62 =T 0hiy, 1y = AYy — Xothy.

Next, the Jacobian of the moment conditions is given by

OF () [ A0 ,
Jr (byg) = —= - 0 -T 0

oY’ b T . N
o=() ZXidy 0 —Z0X,

P




Hence,

Jr (012)' Vi (b1a) ™ Jr (b1a)

“ZX, 00 (Z12))"652 0 0

— 0 T 0 0 T 't
R A A -1
ZXidy 0 24X, 0 0 (Z;Zz> 52

~ZIX, 0 0
X 0 =T 0
ZiXidy 0 —Z5X,
XiPy, X162+ X{Py X1d2%,6,2 0 dnX|Py X»6,7°
= 0 T 0
o X} Py, X162 0 XiPy X»5,7

Using the partitioned inverse formula and simplifying yields the expression for ‘A/w =

A - . -1
[JT (512), Vf (512)71 Jr (512) , with

~

Vo, = (X!X,) 62

1&,11 - €1

Ve =0

. _ VNS
Vins = = (X1X0) ' X1 2 (X42,) 62,y

L@
V¢,22 = T
Vs =0
' ! AN v\ e S (w15 a2
Vigs = (X3P, %2) 0%+ (4%e) 24P, 2: (X522) 633,

Rewriting the last term yields the expression in the proposition. Now, let

(X1 X)) Y26 0 —dn X120, 6,
2
C;= 0 TV/2g1/2 0
/77 1—1 ~—1
0 0 X32:C5) o,
. . - A - —1
It can be easily verified that C@ZCJ& =V, ().



So,
(X1 X)) ? X6t
&=Cpr (b-v)=| &2 (02 —o2)
CgéZQZ§U261;1

Finally, we turn to the derivation of él. The moment vector Fi (), with ¥ = by,

is
. Eir (b
P (b) = (1702
For (b12)
where
- L (Z] [AY; = bisAYy — X (X[ X1) 7 X[ (AY] — b1, AY))]
Fip (bi2) = T R o
ge1 —ToZ
N 1 ZiMXl (AYi - blgAYé) . 1 Z/.Z\4X1 (AY& - blgAYé)
T 0 T O(colX1+1)><1 7
and
- 1 1 7 1 1 % 1 -1 1
For (bo) = .23 (AYa = Xot) = 223 |1 = o (Z3%a) - 23] A2 =0
Now,
St (b12) = Fr (bi) V; (b12) ™" Fr (b1a)
(AY; — bipAYs) My, Py, My, (AY; — b, AY)
= 52
(AY: — by AY2) Pary - (AY; — bpAYs)
—= ~9 = 1615
a2,
where

~

€ = (2 Myx,2) 6212 My, (AY; — bioAY))

/ —1/2 A1 1
= (2'Mx,2) "6, 2 Mx,e1,

which is a scalar in the case n = 2.

10



3.4 Proof of Proposition

(1) ?ﬁ = @ follows from linearity, just-identification and conditional homoskedasticity,
which implies that the IV estimator of 1) does not depend on any weighting matrix, as
seen in the proof of Proposition . For (i1), take 0y = ( (f; ) Then,

c1

= 51 + Op (1) Op (1) £> 51,

X{X1>_1 X!e

(51—(51"‘( T T

since X7 consists of lags of AY; and £; is an innovation process. So,
T T
A2 el A2 -1 2 P 2
o, =T E e =T E eut+op(1) =07,
t=1 t=1

by Assumption A and the law of large numbers. Turning to 1y, from 1) and the

consistency of 11, we have

~ g, \—1__
By — by = (Z;X2> Zovs + 0, (1) . (S-7)
Next, let
JET 0 — (cx 4 Thas)
Py, 1
so that

kYo  \FE Xy (e
DrZyX2Dr = | /EX3Y, TX5X, T7'Xje | . (S-9)
VY, T X, Tleeg

If Tay — —o0, then from Lemma P we have

w+ 0, (1) Op (Tkr) 0p (1)
DTZ2X2DT == Op (TliT) EXQX2 + Op (1) Op (1) X
op (1) op (1) 02, +0p (1)

where Yy, x, = limy_,o F (X9, X},). More specifically, if ay — 0, i.e., Tky — 0, then

w 0 0
DTZzXQDT — 0 ZXQXQ 0 . (8*10)
0 0 o?

11



If g < 0 is fixed, i.e., Tk — —aa, then

(S-11)

2
0 oz,

V—aaYa 1\ (V—a2Y2 1 /)
DTE;YQDT ﬁ) (E <( Xot )( Xo.t ) 0 )

To see this, note that if ap < 0 is fixed, then T7'2'X; = T-'Y; X5 + 0, (1) by Lemma
5%(i) and hence, T~'2'X, 5 E (Yor_1X},) .
For brevity, we can merge (S—10|) and (S—11) into

w ZZXQ 0
DTZ;YQDT £> 27;72 = E/zXQ ZXzXz 0 ) (8712>
0 0 o,
where
0, if g — 0
Six, = b (S-13)
V—aoE (Yu 1 X)), if as <0 and fixed.

If Tay — ¢ <0, then

2 (fol T.dT, + 1) 0 0
_/_
DTZ2X2DT = \117/2?2 == 0 EXQXQ O . (S*l4)
0 0 o2

Therefore, in both cases given in 1} and ‘) DTZ;YQDT is invertible with
probability approaching one, and hence,

L -1
(DTZ;XZDT> =0,(1). (S-15)
Next, by Lemma P(iii) and the Central Limit Theorem,

/K17 U9
Dy Zyvy = \/;ng —0,(1). (S-16)

\/;5/11)2
Putting l} and 1} together yields s 2 5.

12



3.5 Proof of Proposition [6]

To prove the second result, we can follow the steps of the proof of MPet Lemma 3.3.

The conditional variance of (7, is given by

T
Z E]'—thl KTtCé“t] = AT & ‘/C

0?1 0
AllT = Z Rz Eth 1 9 | — Vg,u,
0 o,
T - o2
A12,T = ZEITH (< lt) ) \/ ZtX ( 5 )szl VClZ;

t=1

by (3) and (5-19),

T
K £
Apr = E \/ ?TZtEthfl ((U;i) (e3, — 03)) = 0=V 13,
t=1

if the distribution of e1; is not skewed,

where

(S-17)

Aur = (23:1 Err <(Z§i)v2t> VFaXy S FaBr, <(U2t)v2t51t>>

S ((022)2,2)(2 0) = V¢4,

by (3) and (S-13),

X1 X
Agppr = Z 1; ltEth 1 (€1t) L Yx,x,07 o = Ve,
t=1

— Xu

- L Er, (1 (5, — 02)) B 0= Ve,

A237T -
t=1

if the distribution of £1; is not skewed,

X1 X!
A24,T = <Zf:1 E]'-thl (51tv2t) 1tT 2 Z;le E]:thl (5%{0275) %) £> 0=

13

‘/C,24>



T B |(eh - 02

P
Agsr =) T = w = Vs,
t=1
Asqr = < tTﬂ Eth—l[(E%g”?)”Zf]Xét 111 EFTtA[(E%}*"?)e””?t]) 5o= Ve 34,

and

p— T 0 o2

€

T F . <§2t )8(2t ,,U2>
A44,T:Z e <1t)( M) “ LN <2X2X2 0>03:VC,44.

Putting these together, we have

2
w (Uel O ) (Ugl)EzXl 0 <(U%2)ZZX2 0)

0 o2
0
Yxox, 0)
0 o2 T

v2
EXl X3 0'521 0
Asymptotic normality of Zle (¢ is established by verifying the Lindeberg condi-

w

tion in MPet Proposition Al, i.e.,

T
S Brpey (el 1{lIGrell > 6}) B0 §>0,
t=1

where

2 2 2 2
4 | Xl €%t i (5%1‘,_052) i [| Xo| U%t 5%16“51‘,'

2 _ 2
[Crel|” = Kz T T T T

<€1t)
Vot

The proof of this follows the same steps as the proof of MPet Lemma 3.3. Hence,

T

ZCthN(()?vC)v

t=1

where V; is given by (S—17)).

Now, turn to the derivation of Gr. First, we need an expression for DTCZ/ZZ. Define

14



W = (Xi,e1), so that

and
2z 0
CZ;ZQ \I//Vz’l% (W/MZW>1/2
Thus,

Do [ VEr 0 Vi2z 0
T 7/272 - 0 T_l/QIpw o W'z (W/MZW)I/Z

Vz'z

kT2 2 0
- %\/%ﬂz T71/2 (W/MZW)l/Z (8718)
It can be verified that its inverse is
~1 1 - 0
(PrCr) = <_<W'vaTv§f”2W’z TV2 (WMWY 2) |
VET2' 2V7' 2 z
Hence, by simple algebra it can be verified that
VTR X1 (X{X1)
L 0 — 0 0
Oeq (HTZ/MX 2)1/2 Oeq (HTZ/MXijz)l/2
0 0 (5) 0 0
Gr = ' 1
0 0 0 T 0
0 17 0 0 0
oralersl) 1/2
W/ M. W)W’z 1 (W MW\~
0 \/ﬁz’zav2 0 0 Ty ( T )

is such that G > (e = €.
Finally, using the above results, it can be verified that GoV:Gr 2 I
The result that é 4N (0, 1) follows by Slutsky and the Continuous Mapping

Theorem.

15




3.6 Proof of Proposition

We need to derive the asymptotic behavior of

BrCy = 0 w1/ 0
e
0 0 DrX32,C 5 6.

7-1/2 (X{Xl)l/Q &711 0 —d21T71/2X{ZQC/Z_;Z25;21

First, 7712 (X]X,)? 6.1 & E;/fxlagll and @ 1/2 B /2. Next, by Proposition

)
T—1/2X1220’2—51225;21 = T‘1/2X{72DTD;1C’7721?20U_21 +0,(1),
and
DTX5220’2—5122&1;21 — DTY;ZDTD;O%

Next, note that DTCZ’JQ is given in 1) or

0;21 +0,(1).

2

KTZ 2 0
_ 1/2
DTC?;ZQ - IWz (W’W _ \/?W’z\/'{TTz’W) /

\/HTZ,Z T KZTZIZ

If ap < 0 is fixed, then, by Lemma P(i) and (iv),

n [ V@ 0
DT07/272 — (EW’ )1/2) Y

= (ZW’W — EW’ZO—;QE%/V’Z

Oz

where 02 = w/ |as|,

Yy 0 E(X
EW’W = XX s and EW’Z = ( 1tZt) .
0 o? 0

€1

If iy — 0, then, by Lemma P(i) and (iv) and the fact that /%= = o ('),

0

0 Sy

In both cases, the limiting matrix will be denoted by CEZ’E and is of full rank.
242

16



Next,

RT
\/TTZX1 EzXl

DrZyX T = [T XX, | B | Sxpx, | = 2
T-1¢/ X, 0

Z5 X1’

where Yx;x, = limy o ' (X2 X7,) and, by the same arguments as for (S-13),

ifOéQ%O

0
Y.x, = ’ ] (S-19)
V—aoF (Yo 1X7,), if as <0 and fixed.

Finally, the limiting behavior of DT7;Y2DT is given by (IS—l lb and (]S—14I). Putting

all of these together, we have

1/2 -1 / 1—1 -1
R EX{Xl Oey 0 —dy 27’2)(1 027/2?2 Oy,
BrCy = 0 w2 0 :
0 0 W33

where
Yo C5! ot if Tag — —o0
ZoZo ZhZg 2
W3y =

Ul Ot ot if Tay — ¢ <0.

ZyX2 b7, U2

(S-20)

Hence, ¥ is invertible a.s., as required. In the case Tas — ¢ < 0, ¥ is random due
to the term W defined in 1) The independence of ¥ from & then follows from
Lemma P(ii) and (iii).

3.7 Proofs extending MPvic to general sequences

Lemmas 1*, 2* 5* and 6* above are the counterparts — under general sequences —
to MPvic-Lemmas 3.1, 3.2, 3.5 and 3.6. We provide below the proofs of the various
lemmas by proving all the results in the Technical Appendix to MPvic. For readability
and to avoid repeating the whole Appendix of MPvic, we delineate changes that should
be read in relation to MPvic. The proofs are here presented in the univariate setting
since this is the one we consider in the application but the results are also valid for
the multivariate setting, as in MPvic. Note that the case ¢y constant is not treated in
MPvic but in KMS, Lemmas B2 and B4.

MPvic-Proposition A.1 holds since Assumption N*(ii7) only intervenes in the

definition of z;, and the latter is unaffected by the change (as opposed to Z;).
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MPvic-Proposition A.2. Equation (MPvic-42) holds with (MPvic-43) such that

in the univariate case

O (—=c;'), if Ter — —o0
O(T), ifTer—c<0
o(T), if Ter — 0

Now, if z; is less persistent than the regressor (¢r = o (T *b)), then

) T2b
wp 5(63) -0 (22)
1<t<T cr
and when T7% = O (¢r)

sup E (¥3,) =0 (T—b) ,

1<t<T

o (MPvic-40) writes:

Tb
sup F (w%t) =0 (— [ A ’cT H) (S-21)
1<t<T cr
Now for (MPvic-41), we need to consider
2 2 2
E 1] supyci<r B |[¢re|
E Vred|| < =
e b E o]
_o(Lala]
T e
=0(1).

Now, regarding Zthl Aéppry, we need, for all ¢ = 0(1), the following:

i gy =0, (T). (S-22)

As in MPvic, this holds from Phillips (1987) under N*(¢)-(i7) . With serially depen-

dent innovations, we refer to GP12-Theorem 2.2(4i) which shows that under N*(ii7)
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S G = O, ((C%T)ilm) = 0(T). The framework of GP12 assumes ¢ € [—1,0].

It is easy to see that if zyp = o, (\/ﬁ) , (S—22)) holds under N*(iii) since there

exists Tp such that ¢y € [—2,0] for all T > Tj and hence we can decompose the sam-

ple moments computed over ¢ = 1,...,T5 and Ty, ..., T" where only the latter use the

asymptotic results of GP12, the former becoming negligible.

Now,

1 —C, &
Z Ay = : Z Ebry +0p (1)
b Tb p !

T [T GNET N e TP =

where following MPvic,
T 2 1/2
1 C, 5 E e 1
N | < Bl Lo (s Elen?)
1<t<

T1/2\/,chT [Tb v \c;lu T —1 . T1/2\/% [Tb , ‘CFH Tb
- T1/2E||61I|2 (
R

<ot VE [T e

b—1/2 —
RVE N A
1T A et 1
=0 (Tb1/2 T, ‘c;l‘ =0 (Tbl/Z) )

hence for b € (1/2,1) the equation above is o (1). Hence MPvic-Proposition A.2 holds,
with

1/2
sup E [[or] )
1<t<T

T
! Zutwﬂ %0, when b € (1/2,1).
T [Tb v ‘C;IH t=1

Tl/Q\/ Y

MPvic-Lemma 3.1. The proof then follows. It uses the fact that

T
s ) S-23
s el =0, (7 52

i.e., sup,c(o 1] HI'LSTJ H =0, (|CT|_1/2) when Tep — —oo and O,, (T"/?) otherwise, see
GP12, Expression (2.13) of Lemma 2.1 under assumption N*(izi) and Phillips (1987)
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under N*(7)-(i7). Hence

T1+2b

su =0 —_
1§t£T ] 1—Tecp

For part (i) of the lemma, we use

T T
1 .
i E Utzt_E Uotzt | = 1+b§ utht_Op 1),
T t=1 t=1

from the extension to MPvic-Proposition A.2 above.

For part (i7), this involves (MPvic-18) which requires under N* (i)

T
T xe B0, (S-24)
t=1
where E (x;_16,) = 0. When ¢r — 0, this holds by virtue of GP12, Theorem 2.2.
Indeed, GP12 show that the estimators of the autocovariance of x; are consistent, so
in particular must hold. When limy_, . c¢r < 0, the results hold since x;_1&;
is a martingale difference sequence with bounded variance. Hence part (i) of Lemma
MPvic-3.1 writes here

7—(14b) i —(1+b) thzt

xf +0,(1).

t=1

For part (ii7) of the lemma,

<L Z el = 25 Z Y

T1+b
< (CT suptng ||¢Tt||) + <—CT Sup;<r ||1/)Tt||) Op (1) ,
Thb/2 Tb/2
where we used the Lyapunov inequality as in MPvic. Now sup, ;<7 ||¥7|| = O, ( 1T_1%Z>

SO

—Cr SUDy<r ||¢Tt||
Ttb72 =0, ( _CTT(1+b)/2> = 0p (1),

since z; is less persistent than the regressor.
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MPvic-Theorem 3.4: we need the asymptotic behavior of

T
_CT 9

LT = T Xy
=1
under N*(i7i) . GP12-Theorem 2.2 shows that the estimator of the variance of z; is

consistent and GP12-Lemma 2.1 shows that var (z;) = O (}c}l‘) , hence

T
—Cr 2 P
T ; fL’t — vi-
The rest follows as in MPvic.

MPvic-Lemma 3.2 hence also holds, where the rate of convergence is ¢ Zthl x? .
Joint convergence follows from MPvic-Lemma 3.2, when there exists ¢ < 0 such that
Tas — ¢, and from applying Theorem 2.2 of GP12 when T'ay, — —o0.

MPvic-Lemma 3.5 uses the decomposition
~ t Cz
Zp = Ty — PTo + ﬁ¢Tt7

in (7)

assuming xo = o, ( T/(1— TCT)> and using S upl = O, (T%/?) as in MPvic.
The extension to MPvic-Proposition A.2 above shows that when the regressor is less

persistent than the instrument

T

Zut¢Tt =0, (T1/2+b ‘CT’*1/2> ’

t=1

QED.
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Now for part (i7) ,
. T T o o T T
T ~ 2 _vr z t
T (Z Tezt — Z l’t) T |7 Z T — Z Itxoﬂz]
t=1 t=1 t=1 t=1
& a 1
T
~ i Z iy + 0p (Tl—b) ’
=1
T
as sup,r laill = O, (/) @0 = 0 (/) and XLt

leading term, GP12-Lemma 2.1 shows that

O (Tb) . For the

sup F ||xt||2 =0
1<t<T

—1
‘CT ’

Hence, using Proposition A.2.

—CT Tb 1 1/2
=0 b 2
. T \ c7 —cr
1
’ <|cT|”2 TW) )

Finally for Zthl z2. as in MP we only need to consider

—Cr 1 T b
° = 1
<T1+b\/_CT\/1_TCT ) OP( )7

T
cr "
p——— O E TP
T1+b

t=1

T1+b Z Vreopt

and when c;T? — —oo0,

T1+2b Z th

MPvic-Lemma 3.6 The results of MPvic hold when ¢ = T~ but we need to
consider the case where ¢y = kT " with kr € (M,0), for M < 0. Then Expression
MPvic-(48) becomes

= p2Z1-1 +"Ut+ Tb
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This implies

T

T T T
1 - 1 1 1
(1= p2pr) T Zzt—lxt—l =T Zﬂft—lvt + T th?«’t—1 + T ZU? + T1+b Z% 1
t=1 t=1 t=1

t=1

where 1 — p,pr = =T (c, + 7). GP12 Lemma 2.1 and Theorem 2.2(i) imply that

T1+b th 1 58k

Also, notice that 71 ZtTZQ Tpqvpy = T71 (Zthz TTy_1 — Pr 23:2 xil). The same

lemma and theorem in GP12 can therefore be used to obtain the results in MPvic that

1 & 1 & 1 &
2 P
T tzl T 1V + T tzl ViZi—1 + T tzl Uy — vi

Therefore

T
1
_ 1) N p 1
(Cz -+ HT) T tz:; 2t 1Tp—1 — 2vi~

which proves part (7).
Now for part (i7)

T 2
(1—p) T~ 12% L= 1+0p(1))T_1{22<vt+ﬁxt 1>zt 1+Z(Ut+—xt 1) },
t=1

t=1

where 7! Zthl (Ut + %%4)2 = E (v}), and

T
le<vt+ Ty Lt— 1)Zt1—T ZUtZt 1+T1+b2$t 1211
t=1

= A'uv +
2(c, + liT)

Quy +0, (1),
where Ay, = > 07 E (viv—p) -
Collecting all elements, —2¢, 7~ ST 22 — [1 Rl e )] Quw +0, (1), i,

+KT

—
@)
W
+
EN
’*3
=
+
O“
[\Dlr—t



For part (7ii) , the results follow the same lines (including the extension to MPvic-

Proposition A.2 above) and hence
_Ltb - L 1
— (Cz + KT)T J2r Z 21U — N (0, §viQuu) .

MPvic-Lemma 4.2. The case where ¢ = O (T _b) is considered by MPvic. Only

the case cpT® — —o0 is new. We saw previously that
T
Jn = Til Z Ti—1E¢ = Op (1) s
t=1

and (1= pp) = £ (1= (14 ex) (1+ 7)) > —1. Henee,

T

. T
—Cr p
_T E Tp_12—1 — Ly,

t=1

and the results in MPvic hold, replacing T~* with —cy and ¢, with —1.

4 Finite sample corrections in the presence of in-

tercepts

The finite sample correction in KMS, applied to the AR (b%,) in (9)) consists in modifying
PMxlz in the numerator. When the model contains an intercept, let X; = |:L : Xl] ,
where ¢ is a Tj-dimensional vector of ones (7} is the number of observations used in
the regressions). The numerator of the AR statistic involves an estimator the inverse

of the variance of (2'M Xlz)_l 2’ M, e1 conditional on the process {ug }. We notice
Mx,z = Mz M,z = Mg (2 —1Zr).

with z = 1! Zf:max(m 9) %t- In KMS, Mg, does not appear. They show that in
Z'M,ey = 2'e; —T1Z &1, the long-run covariance between z; and £1; which asymptotically
appears via the product 71z g; vanishes asymptotically but matters in finite samples.

They hence suggest using, instead of Py, ., the corrected
~ -1
Puo=Mz(22-T (1-72,,,)37)  #/M, (S-25)
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where p., ., is the estimated long run correlation between e1; and ug,. In (S-25|) the
term<1 - 02 u2> accounts for the long term variance of ), €1, conditional on the pro-
cess Yo 1 (or z).

In the context of the AR statistic, this correction becomes

o 1
PMxlz = MXlz (Z/MXIZ — <1 — ﬁgl,u2> T1%/> Z/MXU (8726)

where we considered only the higher order term 2z instead of Mg My Z.

A similar correction can be applied to the statistic W (0Y,) , where the adjustment
now bears on %,33 (b12) defined in . For ease of exposition, we consider the hypoth-
esis H} : r(0) = 0, bz = b, where r (§) = ap — af in equation since assumptions

concerning v, are the only ones that bear finite sample adjustments in W (b,) . Now
o SN -1 A —
o= (Z%a) 23 (Kot + )
and, denoting Xy = [(Xs: é1],
~ ~\ 1 & S
dg = (ZQMX21X2> éMXm (Xz@/)g + 82)
A A~ N\ L o4 N S N
— (BMy, %) ZMg, (Xt + (Ko = Xa) b es).
~ ~\ L &
Hence, OACQ — Qg = ( éM)A( X2> ZéMle (52 + (81 — 51) dgl) , i.e.,
N ~ \ 1 &«
Go — 0y = (Mg, X2) - ZMy,, (22 + Prierdan).
In our model, X; = X5 hence Mlele =0, and
A A~ N\ L o4
G2 — a3 = (Z5Mg, o) ZhMg,
The variance of &y — oy is

A ~\—L 4 ~ o A\ —1
Var = (23Mg, %a)  ZiM, 2 (23Mg, 2) o

£927
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so the W statistic is

A A ~\—1 .
/ / !/
My, 2o (Z4Myy, 22)  Z3Myg, om

((3(2 — Oég)l Vé;I (6 - CL) =

o2
. N\ -1
The final sample approximation of KMS consists in replacing (ZéM X2122> with
(Z/Z =T (1 B ﬁgzﬂiz) ﬁl)il )

where p., ., is the estimate of the long run correlation between ey and ug, such that

1 — (2, 4, = P2, u,- The Wald statistic becomes

My, 2o (72 = T (1= 72,,) 7)) Z3My, e

w (052) = B
o2
which is in practice obtained as
: (62— a2) (X3Mg, 2o) (/2 =T (1= 2,,,) )" (Z5Mg, X2) (2 - a2)
w <a2) = 2
. A 5\ (e o —n—1(5 5\
(G — )’ (XQMXNZQ) (2% + Tpgmwzz’) (ZQMX21X2> (G — )
= 5z ,

where Z = z —Z’. KMS do not consider the presence of additional regressors and lags
in the equation. In our setting, the final sample approximation above should hence
preferably be replaced with

A /\2 . _1 A
W (a2> — €I2tMX21 Z2 (Z,MXQIZ + Tp527u2221) ZéMX21€2t

~9 Y
O'E2

2
€2

variance.

where 62 can possibly be replaced with the corresponding estimate of the long run

Now for the general case, the results above combine into Vw 53 (b12) whose finite

sample adjustment becomes:

~
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At 5% At 10%
p=0.20 0.95 0.20 0.95
AR t AR t AR t AR t

c=0 0.049 0.006 0.066 0.770 0.098 0.025 0.126  0.802
—1 0.047 0.008 0.060 0.676 0.096 0.029 0.119 0.716
—10 0.045 0.020 0.039 0.258 0.091 0.055 0.080 0.308
—30 0.036 0.035 0.034 0.144 0.078 0.084 0.079 0.186
—100 0.028 0.048 0.052 0.081 0.065 0.100 0.113 0.117

Table S.1: Null rejection frequencies of AR (with filtered instruments) and conventional
t tests of the hypothesis Hy : b1z = 0 in a bivariate SVAR(2) with long-run restrictions.
p is the correlation between the reduced-form VAR errors. The sample size is 200.
Number of MC replications: 20000.

5 Supplementary material for numerical section

We report additional simulation results on sizes of the AR and ARW tests with filtered
instruments versus the conventional ¢ test with standard (unfiltered) instruments for

the bivariate SVAR described in the paper, with some variations.

5.1 Null rejection frequencies for the AR test

First, we report results on the null rejection frequency of the AR test of Hy : b1 =0
against Hj : bjs # 0 when the estimated model is SVAR(2) or SVAR(4) and the DGP
is exactly as in Section [4]in the paper. The results are reported in Tables and [S.2]
and they are comparable directly with Table [1|in the paper.

Next, we consider the case in which DGP may have a linear trend, i.e., the observed
data is Yo = Yo + Y + V.t, and the SVAR is estimated on sample-detrended data
f@t = Yy — Y — "t, where 4 and 4 are full-sample or recursive OLS estimates. The
true value of 7y is set to zero w.l.o.g. (since the statistics are invariant to the value of
the constant), and ~, is either 0 or 1.

Table reports results when the model is SVAR(1) and v, = 0. In Table [S.4] the
model is SVAR(1) and 7, = 1. In each table, we present two cases: recursive detrending
(top panel), and full-sample detrending (bottom panel).

Overall, Tables and show that, no matter 7, = 0 or 1, the outcome is the
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At 5% At 10%
p=0.20 0.95 0.20 0.95
AR t AR t AR t AR t

c=0 0.042 0.008 0.054 0.765 0.089 0.027 0.114 0.799
-1 0.039  0.009 0.050 0.668 0.086 0.030 0.108 0.708
—10  0.030  0.019 0.031 0.261 0.073 0.056 0.068 0.305
=30 0.020  0.035 0.024 0.147 0.054 0.084 0.063 0.186
—100  0.018  0.045 0.039 0.101 0.050 0.096 0.095 0.132

Table S.2: Null rejection frequencies of AR (with filtered instruments) and conventional
t tests of the hypothesis Hy : b1z = 0 in a bivariate SVAR(4) with long-run restrictions.
p is the correlation between the reduced-form VAR errors. The sample size is 200.
Number of MC replications: 20000.

same: recursive detrending and AR controls size reasonably, and recursive detrending
performs better than full sample detrending.

Tables[S.5]and [S.6] report the counterparts of Tables[S.3and [S.4] when the estimated
model is SVAR(m), for m = 2 and 4 with recursive detrending.

5.2 Size of the projection ARW test

The simulations for the size of the projection ARW test of the hypothesis Hy : da; = d9,
against H; : dy; # d9, are based on the following 4-dimensional grid. The grid contains
21 points for dy; € [—1,1] in steps of 0.1, 21 points for p € {—.99,—.9,...,.9,.99} ,
7 points for wy € {.1,.4,.7,1,4,7,10} and 14 points for ¢ € {—200, —150, —100, —50,
—40, —30, —20, —10, —5, —4, —3, —2, —1,0}. Because the ARW statistic is invariant to
wy, we normalize w.l.o.g. this parameter to 1. The parameter b5 in the DGP can then
be obtained as a function of p,w; and do;.

Figure reports maximal rejection frequencies across p, w; and ¢ of the projection
ARW test of Hy : doy = do; as a function of dy; for three different levels of significance:
10%, 5% and 1%. The sample size is T = 2000 and the number of Monte Carlo
replications is 10000. These can be thought of as estimates of the asymptotic size

of the projection test at different levels of significance. They are very close to the
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v, = 0, recursive detrending
At 5% At 10%
p=0.20 0.95 0.20 0.95
AR t AR t AR t AR t

c=0 0.052 0.009 0.046 0.158 0.101 0.032 0.092 0.194
—1 0.051 0.009 0.044 0.139 0.102 0.031 0.090 0.173
—10 0.052 0.016 0.045 0.102 0.103 0.049 0.092 0.133
—-30 0.053 0.033 0.049 0.078 0.103 0.078 0.098 0.112
—100 0.056 0.049 0.051 0.056 0.107 0.100 0.101  0.100

v, = 0, full sample detrending
At 5% At 10%
p=10.20 0.95 0.20 0.95
AR t AR t AR t AR t

c=0 0.060 0.021 0.221 0.946 0.112 0.063 0.343 0.958
—1 0.056 0.020 0.170 0.890 0.110 0.060 0.276 0.911
—10 0.053 0.027 0.072 0.405 0.105 0.071 0.131 0.465
—=30 0.050 0.038 0.052 0.192 0.100 0.087 0.101 0.247
—100 0.052 0.050 0.048 0.084 0.101  0.100 0.095 0.132

Table S.3: Null rejection frequencies of AR (with filtered instruments) and conventional
t tests of the hypothesis Hy: b = 0 in a bivariate SVAR(1) with long-run restrictions.
p is the correlation between the reduced-form VAR errors. Y3 is detrended recursively
(top panel) or over the full-sample (bottom panel). The true coefficient on the trend
is 7, = 0. The sample size is 200. Number of MC replications: 20000.
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v, = 1, recursive detrending
At 5% At 10%
p=10.20 0.95 0.20 0.95
AR t AR t AR t AR t

c=0 0.052 0.009 0.046 0.158 0.101 0.032 0.092 0.194
—1 0.051 0.009 0.044 0.139 0.102 0.031 0.090 0.173
—10 0.052 0.016 0.045 0.102 0.103 0.049 0.092 0.133
—-30 0.053 0.033 0.049 0.078 0.103 0.078 0.098 0.112
—100 0.056 0.049 0.051 0.056 0.107 0.100 0.101  0.100

v, = 1, full sample detrending
At 5% At 10%
p=10.20 0.95 0.20 0.95
AR t AR t AR t AR t

c=0 0.060 0.021 0.221 0.946 0.112 0.063 0.343 0.958
—1 0.056 0.020 0.170 0.890 0.110 0.060 0.276 0.911
—10 0.053 0.027 0.072 0.405 0.105 0.071 0.131 0.465
—=30 0.050 0.038 0.052 0.192 0.100 0.087 0.101 0.247
—100 0.052 0.050 0.048 0.084 0.101  0.100 0.095 0.132

Table S.4: Null rejection frequencies of AR (with filtered instruments) and conventional
t tests of the hypothesis Hy: b = 0 in a bivariate SVAR(1) with long-run restrictions.
p is the correlation between the reduced-form VAR errors. Y3 is detrended recursively
(top panel) or over the full-sample (bottom panel). The true coefficient on the trend
is 7, = 1. The sample size is 200. Number of MC replications: 20000.
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At 5% At 10%
p=0.20 0.95 0.20 0.95
AR t AR t AR t AR t

c=0 0.044 0.010 0.048 0.155 0.092 0.033 0.097 0.193
—1 0.044 0.010 0.046 0.135 0.092 0.033 0.093 0.169
—10 0.043 0.016 0.043 0.100 0.087 0.049 0.093 0.130
—=30 0.035 0.032 0.043 0.078 0.077 0.079 0.095 0.107
—100 0.030 0.045 0.058 0.052 0.068 0.096 0.123 0.078

At 5% At 10%
p=0.20 0.95 0.20 0.95
AR t AR t AR t AR t

c=0 0.033 0.010 0.039 0.152 0.075 0.032 0.087 0.186
—1 0.034 0.010 0.037 0.130 0.074 0.031 0.084 0.161
—10 0.030 0.016 0.032 0.093 0.071 0.049 0.075 0.119
-30 0.022 0.030 0.032 0.073 0.057 0.076 0.080 0.097
—100 0.021 0.040 0.046 0.062 0.054 0.092 0.106 0.082

Table S.5: Null rejection frequencies of AR (with filtered instruments) and conventional
t tests of the hypothesis Hy: b2 = 0 in a bivariate SVAR(m) with long-run restrictions.
p is the correlation between the reduced-form VAR errors. Y5 is detrended recursively.
The true coefficient on the trend is v, = 0. The sample size is 200. Number of MC
replications: 20000.

31



At 5% At 10%
p=0.20 0.95 0.20 0.95
AR t AR t AR t AR t

c=0 0.044 0.010 0.048 0.155 0.092 0.033 0.097 0.193
—1 0.044 0.010 0.046 0.135 0.092 0.033 0.093 0.169
—10 0.043 0.016 0.043 0.100 0.087 0.049 0.093 0.130
—=30 0.035 0.032 0.043 0.078 0.077 0.079 0.095 0.107
—100 0.030 0.045 0.058 0.052 0.068 0.096 0.123 0.078

At 5% At 10%
p=0.20 0.95 0.20 0.95
AR t AR t AR t AR t

c=0 0.033 0.010 0.039 0.152 0.075 0.032 0.087 0.186
—1 0.034 0.010 0.037 0.130 0.074 0.031 0.084 0.161
—10 0.030 0.016 0.032 0.093 0.071 0.049 0.075 0.119
-30 0.022 0.030 0.032 0.073 0.057 0.076 0.080 0.097
—100 0.021 0.040 0.046 0.062 0.054 0.092 0.106 0.082

Table S.6: Null rejection frequencies of AR (with filtered instruments) and conventional
t tests of the hypothesis Hy: b2 = 0 in a bivariate SVAR(m) with long-run restrictions.
p is the correlation between the reduced-form VAR errors. Y5 is detrended recursively.
The true coefficient on the trend is v, = 1. The sample size is 200. Number of MC
replications: 20000.
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Figure S.1: Size of the projection ARW test of the hypothesis Hy : do; = da, in a
SVAR(1) model with T=2000 at three different significance levels. The number of
Monte Carlo replications is 10000.

corresponding results in Figure [l in the paper for the case T' = 200.

Figure reports the size of an ARW test that uses x? instead of x3 critical values,
corresponding exactly to the cases reported in Figure [S.I] We see that the ARW test
with degrees of freedom correction overrejects for many values under the null. So,
confidence intervals on dy; obtained by inverting this test have asymptotic coverage
below their nominal level.

Figure repeats the exercise in Figure except the parameter ¢ in the DGP is
constrained to be ¢ = —200 (thus corresponding to a highest root of 0.9). We could
view these results as giving the size of the ARW test with degrees of freedom correction
when the data is stationary and identification is strong. As expected, the size of the

test is equal to its nominal level for all values of ds;.
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Figure S.2: Size of the projection ARW test of the hypothesis Hy : do1 = dor, using
X7 critical values, in a SVAR(1) model with 7' = 2000 at three different significance
levels. The number of Monte Carlo replications is 10000.
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Figure S.3: Size of the projection ARW test of the hypothesis Hy : d; = doy, using x2
critical values, in a SVAR(1) model with 7" = 2000 at three different significance levels,
when the highest root in the VAR is 0.9. The number of Monte Carlo replications is
10000.
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5.3 Large-sample power of the AR test

We report large-sample power curves to complement the results for 7' = 200 reported
in Figure [2| in the paper. To that end, we set T" = 2000 in the simulations. We
compare the power of AR and t tests of Hy : bjo = 0 against H; : by # 0 at the
10% level of significance. The remaining parameters are p € {0.2,0.95} , w; = 1, and
¢ = {—10,—100,—500}. The chosen values of ¢ correspond to approximate values of
the concentration parameter A\ € {1.3,13, 72}, respectively, i.e., weak, moderate and
strong identification. The range of bjo under H; is A™1/2 (=3 : 3).

Figure reports the resulting power curves in each case. The figure shows that
the AR test has good large sample power even for ¢ close to zero. This is not the case
for the t test, which is both size distorted and even biased in some cases. Moreover,
when identification is strong (¢ = —500), the power of the AR test is very similar to
that of the ¢ test, which is asymptotically efficient in this case. Since the DGP in
this case is approximately stationary, this is a consequence of the fact that the AR
and t tests are asymptotically equivalent in the case of stationarity, see Remark 2 to
Theorem [1I

5.4 Bonferroni method

We compare the power of projection and Bonferroni tests of Hy : dy; = 0 against
Hy : dy; # 0 at significance level 10%. We consider three different combinations of
significance level n = 10%. We denote by n; the significance level for the first-step AR
confidence set for byo and by 1y = (n —11) /(1 — 1) the level of the Wald test given
b1 in the second step, see Remark 4 below Theorem [2, We set bjy = 0, w; = 1 and
consider n; = 1%, 5.13% and 9% (the second value is such that 17, = 75). We note that
with these parameter values p = do;.

We first report in Figure the power in a large sample of T' = 2000 observations
for ¢ = —100 (moderately strong identification) and then, in Figure [S.6] for T = 200,
also with ¢ = —100 (strong identification). Under moderately strong identification
the power of the projection test is close to that of the Bonferroni tests that put suf-
ficiently high weight on the first-step AR confidence set for bys, i.e., 71 > 12. Under
strong identification, the projection test is more powerful. This suggests that there
is little to choose from between Bonferroni and projection in this case on the basis

of power under weak identification and that projection is preferable in the identified
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Figure S.4: Large-sample power of AR with filtered instrument (solid line) and ¢
(dashed line) tests of the hypothesis Hy : bjs = 0 against H; : by # 0 in the SVAR(1)
model with long run restrictions. 7" = 2000, 10000 MC replications, p is correlation of

reduced-form errors.
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case. Since projection turns out to be slightly faster to compute (it requires solving an
unconstrained optimization problem, as opposed to a constrained optimization with an
inequality constraint for the Bonferroni method), we are using the projection method

in our empirical applications.

¢ =-100, T=2000

Projection

---- Bonferroni: n, = 1%
------------ Bonferroni: N, = 5.13%
Bonferroni: n; = 9%

1.0

0.5

0.4 0.6 08

O.G‘ T S ) S S
-0.8 -0.6 -0.4

Figure S.5: Power of Projection ARW (solid line) and three different Bonferroni AR/W
tests of the hypothesis Hy : dyy = 0 against H;y : dy; # 0 in a bivariate SVAR(1) at
the 10% level of significance. 7, denotes the level of the (first-step) AR test in the
Bonferroni procedure and 7y = (10% —n1) /(1 —ny) is the level of the second step Wald
test. T"= 2000 and the number of Monte Carlo replications is 10000.

5.5 Concentration parameter

Identification strength is measured using an approximate formula for the concentration
parameter A. Table[S.7reports values of the concentration parameter for different values

of ¢ and a in the DGP. The numbers in bold are the cases for which the power curve
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Figure S.6: Power of Projection ARW (solid line) and three different Bonferroni AR/W
tests of the hypothesis Hy : dy; = 0 against H; : dy; # 0 in a bivariate SVAR(1) at
the 10% level of significance. 7; denotes the level of the (first-step) AR test in the
Bonferroni procedure and 7y = (10% — 1) /(1 — 1) is the level of the second step Wald
test. T'= 200 and the number of Monte Carlo replications is 10000.

a=1 0.95

c=—1 10.080590 0.13816
-10 1.2660 1.8737
-40  5.1661 7.5705
-50  6.4644  9.4826
-100 13.026 19.215
-150  19.724  29.276
-500 71.593 111.84

Table S.7: Values of the concentration parameter as a function of ¢ and a in the DGP
where AYy; = 72Y5,1 + ug, and uy, is white noise. The sample size is T' = 2000.
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is computed in the supplement.

5.6 Choice of parameters (c,,b) when generating instruments

: =1 ¢
The instrument z, = > .~ pr.’

with b € (1/2,1), and ¢, < 0. We suggest in the paper b = 0.95 and ¢, = —1. Through
extensive simulation exercises, we show here that this choice induces good size/power
trade-off for the AR test of Hy : bjs = 0. Since the DGP depends on the triplet (¢, b2,

p), our treatment on ¢ and p in the simulation experiment induces various figures below.

AY; j depends on two parameters such that pr., = 1+7%

Throughout, we test Hy at the 10% level over a sample of size T' = 200 observations.

5.6.1 Fixed (c,p) = (—10,0.5)

We first consider a fixed setting for (¢, p) = (—10,0.5) and let by € {0,0.5,1,2}. We
consider two situations, first fixing ¢, = —1 and letting b vary, and then fixing b = 0.95
and letting c, vary.

When ¢, = —1 is kept fixed but b varies, as shown on the horizontal axis of Figure
we see that changing b does not induce size distortions but that the power of
the test generally increases with b. Yet for alternative hypotheses that are further
away from the null (larger values of bj5) the power is non monotonic in b: it tends to
decrease as b gets very close to 1. Hence, it is not optimal to set b too close to unity
(say, b =0.99) and setting b = 0.95 seems appropriate.

Now, consider fixing b = 0.95 but letting ¢, vary, as reported on horizontal axis of
Figure [S.8 The size of the test does not appear to be affected by the choice of ¢, but
its power is non-monotonic. Figure shows that setting ¢, = —1 yields reasonable

power across the alternatives considered.

5.6.2 Varying p

In Figure[S.9] we also consider a range of values for p € (—1,1), while keeping ¢ = —10.
To illustrate the size and power trade-off, we report the fixed alternative b;o = 1. This
value is chosen so that the power with our proposed choice of (b,c,) is close to 50%.
Figure shows that b = 0.95 induces good power at the cost of minor size distortion

over the whole range of values of p (here ¢, = —1).
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Size and Power of AR as b varies (cz =-1), HO: b12 =0, T=200

Figure S.7: Size and Power of the AR statistic as b varies while ¢, = —1 is being held
constant.

Size and Power of AR as c, varies (b = 0.95), H b12 =0, T=200
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Figure S.8: Size and Power of the AR statistic as ¢, varies while b = 0.95 is being held
fixed.
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Figure S.9: Size and power of the AR statistic for ¢, = —1 under varying b. The null
is Hy : bjo = 0 and the alternative is bjo = 1. The horizontal axis reports the value of
p and the vertical axis the rejection probability.
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Figure complements the simulations above by considering ¢ = —1 and —100.

The fixed alternatives are bjs = 5 when ¢ = —1, and b5 = 0.2 when ¢ = —100. Again

b = 0.95 appears a satisfactory choice when ¢, = —1.
—— b=055 ----b=0.75 = b=0.95 =— b=0.99
3 : 10r
c=-1, C,= -1 i

] NS o 1 o PR L - L P R
-0.8 -0.6 -04 -0.2 0.0 0.2 04 0.6 0.8 P
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c=-100,c,=-1
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Figure S.10: Size and power of the AR statistic for ¢ € {—1,—100} under varying b.
The null is Hy : bj = 0 and the alternatives are b1 = 5 when ¢ = —1 and by, = 0.2
when ¢ = —100. The horizontal axis reports the value of p and the vertical axis the
rejection probability.

In a similar way, Figure reports the size and power trade-off when b = 0.95
is being held constant and while ¢, € {—10,—5,—1}. Setting ¢, = —1 appears a

reasonable choice overall.

5.6.3 Power over varying alternatives

We now extend the analysis further to consider, in Figure the power of the test
statistic when p = 0.2 or 0.95 (as in the paper) for values of ¢ € {—100,—10,—1}.
Figure presents the power plots of AR for the null Hy : bj = 0 under alternative
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Figure S.11: Size and power of the AR statistic for ¢, € {—10, —5,—1} when b = 0.95.
The null is Hy : byo = 0 and the alternatives are b5 = 5 when ¢ = —1, bjs = 1 when
¢ = —10, and by = 0.2 when ¢ = —100. The horizontal axis reports the value of p and
the vertical axis the rejection probability.
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values by5. The figure reports the cases where b = 0.55,0.75,0.95 or 0.99, while keeping
¢, = —1. The figure shows that setting b = 0.95 and ¢, = —1 appears to be a good

choice overall.
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Figure S.12: Power plots of the AR statistic as a function of b5 (horizontal axis) for
various choices of b (keeping ¢, = —1).

5.7 Implementation of Gospodinov’s (2010) method

In the Appendix of the paper, we report the power of a ¢ test based on Gospodinov’s
(2010) estimator of bjp in an SVAR(2) model. Here we give the details of the imple-
mentation. Let ngﬁ denote the OLS estimator of ¢ in the regression Y5, = p+¢Y2, 1 +e;.
The coefficients W, are estimated by OLS in the system of equations

1-L 0

(I —,L) 0 1_ar
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Namely, denoting Y; := <I — </ISL> Y, U, is simply obtained from a VAR(1) using OLS
on Y/;g = \Illi/;,l + Ug, i.e.,

—1
\/I;l = Z Y/;ff/;l_l (Z Y/;fl}}t,_l) .
t t

Now,
-1
060@1—\1’1): (Zﬁ@ﬁ) ®I | veed wY/,
t t
-1
() en) (o)
t

t

so, under homoskedasticity,

~

-1
— = 1 oy g
var [\/Tvec (ﬁ/l)] = ( Y;_lY;'_l) R,

[T

So, denoting by ¢ = (¢12, 7?22), = (—‘1’1,12, 1 - \1’1,22)7 we have

1=

[ = “M

*

ﬁ@—;@) 4 N (0,3),

~

~ ~ /
since var <w> = var <\I/1712, \Ifmg) ) , where the estimator of = easily obtains from

the previous formulae as the bottom right 2x2 block of

-1
1 -~ ~
(TZYHY;I) ® S,
t

with

46



Gospodinov’s (2010) estimator is 312 = {D\lg/{ZJ\QQ =f (7:/)\) with

=& ]8R

Now, the Delta method yields
ﬁ (ggg) — blg) —>d N (0, FIQJEFw)
from which we obtain a t¢-statistic for by

biy — b
o = Natimiit]

JFEF;
6 Supplementary material for empirical section

This section contains details of the computation algorithm of the confidence bands for
the IRF's using our proposed ARW method, and additional empirical results based on
different detrending methods and updated /extended data for the series used in the two

applications reported in the main paper.

6.1 Data
6.1.1 Blanchard and Quah (1989)

The data presented in the main paper are taken from Blanchard and Quah (1989) (BQ),
where the reader is referred to for detailed data description. Figure presents the
original Blanchard and Quah (1989) data.

We also provide results based on an extended data set that goes up to 2014q4. The
unemployment rate corresponds to men over the age of 20, and is seasonally adjusted
(series ID: LNS14000025). Real GNP is seasonally adjusted, and the source is the
Bureau of Economic Analysis (series ID: GNPC96). The data were obtained from the
St. Louis Fed database FRED. The updated data are presented in Figure [S.14]
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Figure S.13: Original data used in Blanchard and Quah (1989)

real GNP growth rate

1 L L L L 1 L L L L 1 L L L L 1 L L L L 1 L L L L 1 L L L L 1 L
1950 1960 1970 1980 1990 2000 2010

100 unemployment rate

T S E SR B R
1950 1960 1970 1980 1990 2000 2010

Figure S.14: Updated data for the series used in Blanchard and Quah (1989)
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Figure S.15: Original data used in Gali (1999)

6.1.2 Hours debate

The data presented in the main paper are taken from Gali (1999) and Christiano et
al. (2003), where the reader is referred to for detailed data description. Figure
presents the Gali (1999) data. The data used by Christiano et al. (2003) (CEV) is
presented in Figure [S.106]

We also provide results based on an updated and extended data set that spans
the period 1948q1-2014q3, presented in Figure [S.17] For the source and description
of the data, we followed CEV footnote 9 and obtained the data taken from the DRI
Economics database. The mnemonic for business labor productivity is LBOUT. The
mnemonic for business hours worked is LBMN. The business hours worked data were
converted to per capita terms using a measure of the civilian population over the age
of 16 (mnemonic, P16).
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Figure S.16: Original data used in Christiano et al. (2003)
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Figure S.17: Updated data for the series used in Christiano et al. (2003)
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6.2 Computational details

The projection based confidence bands for the IRF are computed as follows. Let
g (b12,1) denote a given impulse response of interest. §(bi2) = g (blg,iﬂ (blg>) its
restricted estimate at bi2, and ; (b12) the associated standard error computed using
the delta method.

The joint n-level confidence set for (b2, g) can be computed as follows. First, for
any given value of b5, the smallest value of the ARW statistic is equal to AR (b12) ,
since at § (bia), W (b12) = 0. Therefore, the confidence set for g (b12,1) = by can be
computed simply by

Cop, = {bYy € R: AR (b),) < ¢}, (S-28)

where ¢, is the 1—7 quantile of the x3 distribution. With conditional homoskedasticity,
this inversion can be done analytically using the formula given by Dufour and Taamouti
(2005). For a general g (b2,?) evaluated at any given point bjy = b9, the Wald

confidence interval is given by
g (b(l)Z) + 0y (b[1)2) cy — AR (b)) (5-29)

The upper and lower bounds of the projection-based confidence set for g are given by

[bgggicgu g (b1s) , X g (592)] - (S-30)
The procedure is repeated for each impulse response, using the same Cp,,, which is
common to all. Since ¢ is smooth, we can use derivative-based optimization methods
to locate the extrema, which is what we do in our applications. It is advisable to use
more than one set of starting values to avoid getting stuck at local extrema. It is also
possible to find the extrema by grid search, but it is important to use a fine grid of
points in Cy,,, because the extrema of g (b9,) and g (b},) may occur at interior points
of Cy,,, and the functions g (-) and g () could be very steep.

An alternative to the projection method is the Bonferroni method. This involves
combining an 7;-level AR test with an n-level Wald test for g. Thus, C,,, is obtained
by replacing ¢, in with the 1 — 7, quantile of the x? distribution (note the
difference also in degrees of freedom), and the term /¢, — AR (b%,) in M with the
1 —19/2 quantile of the standard normal distribution. The resulting interval in (S—30))
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Figure S.18: Estimates and confidence bands of the IRFs in CEV with recursive de-
trending using their original data.The solid line is the ML estimator. The dotted lines
are 90% Wald confidence intervals, and the dashed lines are the 90% projection ARW
confidence intervals.

thus obtained would have coverage at least 1 —n; — ns.

6.3 Robustness checks in the hours application
6.3.1 Recursive detrending of hours

The results in Figure [10]in the paper are based on the CEV levels specification with
non-detrended per capita hours. Those results are not robust to a trend in hours.
Using recursive detrending, we obtain results that are robust to a linear trend in hours
in Figure The results are entirely analogous to those without detrending, i.e., the

remain inconclusive regarding the sign of the effect of technology shocks on hours.
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Figure S.19: Adjusted hours in Francis and Ramey (2009)

6.3.2 Alternative detrending of hours

Francis and Ramey (2009) provide an alternative measure of hours per capita, which
removes low-frequency movements. See Figure We use their data of hours to
replace those used in Gali (1999), and keep the other settings of Gali (1999) to fa-
cilitate comparison, i.e., we restrict the sample period to 1948:1-1994:4, estimate an
SVAR(5) model by the long-run restriction with hours in level, and use the same data
of productivity as in Gali (1999).

The resulting IRFs together with the robust confidence bands based on our pro-
posed ARW method and the non-robust confidence bands are reported in Figure [S.20]
Though the IRF of technology shocks on hours is estimated to be negative, the un-
certainty is sufficiently large that the evidence regarding the sign of the effect remains

inconclusive.
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Loor T e Tl
T T e e T T T == — e ___
[ /“/“‘_‘ .....................................
7 A et
0.75 e
()‘50:~ ................... T Tttt \\__\ ________________________________
L // ______________________
L ’//
————— L L L 1 L |
0 1 2 3 4 5 6 7 8 9 10
Hours response to 1sd technology shock
0.1r T
0.1 ST
1 - ‘\_ _____ 1 T 1 1 P 1 1 1 |
0 1 2 3 4 5 6 7 8 9 10

Figure S.20: Estimates and confidence bands of the IRFs from a SVAR with hours in
levels, using adjusted hours in Francis and Ramey (2009). The solid line is the ML
estimator. The dotted lines are 90% Wald confidence intervals, and the dashed lines
are the 90% projection ARW confidence intervals.
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Productivity response to 1sd technology shock
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Figure S.21: Estimates and confidence bands of the IRFs with extended CEV data and
recursive detrending. The solid line is the ML estimator. The dotted lines are 90%
Wald confidence intervals, and the dashed lines are the 90% projection ARW confidence
intervals.

6.3.3 IRFs with extended sample

With the extended sample and recursive detrending, the resulting IRFs from the levels
specification of CEV are presented in Figure [5.21 The evidence on the sign of the

effect of technology shocks on hours remains inconclusive.

Difference specification with extended data Figure presents the results for
the difference specification in Gali (1999) with per capita hours instead of total hours
and over the updated sample. The results are essentially the same as with his original

data (which used total instead of per capita hours).
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Figure S.22: Estimates and confidence bands of the IRFs with extended Gali (1999)
data. The solid line is the ML estimator. The dotted lines are 90% Wald confidence
intervals, and the dashed lines are the 90% projection ARW confidence intervals.
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Figure S.23: Estimates and confidence bands of the IRFs with CEV data and the
difference specification. The solid line is the ML estimator. The dotted lines are 90%
Wald confidence intervals, and the dashed lines are the 90% projection ARW confidence
intervals.

6.3.4 Difference specification with original CEV data

Finally, we use the original CEV data but consider the difference specification instead
of the level specification of hours in CEV. The resulting IRF's are presented in Figure
523

Both Figure and Figure show that identification is not weak when hours
appears in first differences, and the short run effect of a technology shock on hours is

significantly negative.
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7 Articles that use SVARs in Top Journals, 2005-
2014

Table lists the articles that used SVARs and were published in the following eight
journals during the period 2005-2014: American Economic Review, FEconometrica,
Journal of Political Economy, Quarterly Journal of Economics, Review of Economic
Studies, American Economic Journal - Macroeconomics, Journal of Monetary FEco-

nomics and Journal of Money, Credit and Banking.
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With long-run restrictions Without long-run restrictions
1 Alvarez and Jermann 2005) Iwata and Wu 2005])
2 Bernanke, Boivin, Doan, and Eliasz 2005[) Kim 2005)
3 Francis and Ramey 2005)) Primiceri 2005
4 Orphanides and Van Norden 2005[) Uhlig 2005
5 Beaudry and Portier 2006) shcraft 2006
6 Chang and Hong 2006 Basu, Fernald, and Kimball 2006])
7 Cover, Enders, and Hueng 2006]) Braun and Shioji 2006))
8 Croushore and Evans 2006) Farrant and Peersman 2006])
9 Fisher 2006 Mitra 2006))
10 Lastrapes 2006 Sims and Zha 2006)
11 | (Reis 2006 Dedola and Neri 2007)
12 Aguiar-Conraria and Wen 2007) Fernandez-Villaverde, Rubio-Ramirez, Sargent, and Watson 2007D
13 Avouyi-Dovi and Matheron 2007]) Mackowiak 2007])
14 Evans and Marshall 2007) McCarthy and Zakrajsek 2007])
15 Fernald 2007) Miniane and Rogers 2007
16 King and Morley 2007 Olivei and Tenreyro 200
17 Liu and Phaneutf 2007 Roush 2007
18 Marchetti and Nucci 2007) Benati 2008
19 Michelacci and Lopez-Salido 2007]) Bilbiie, Meier, and Miiller 2008])
20 Morley 2007 Gambetti, Pappa, and Canova 2008[)
21 mkﬂ) (Lanne and Liitkepohl 2008)
22 Chari, Kehoe, and McGrattan 2008]) Mertens 2008])
23 Corsetti, Dedola, and Leduc 2008) Altavilla and Ciccarelli 2009[)
24 Hansen, Heaton, and Li 2008 Benati and Surico 2009)
25 Bjgrnland and Leitemo 2009)) Boivin, Giannoni, and Mihov 2009)
26 Dupor, Han, and Tsai 2009)) Carlstrom, Fuerst, and Paustian 2009[)
27 Feve and Guay 2009) Del Negro and Schorfheide 2009)
28 Francis and Ramey 2009 Evans and Marshall 2009)
29 Gambetti and Gali 2009 Kilian 2009))
30 Lorenzoni 2009)) Danthine and Kurmann 2010[)
31 Feve, Matheron, and Sahuc 2010[) Elder and Serletis 2010)
32 Forni and Gambetti 2010 Kuester 2010)
33 Rubio-Ramirez, Waggoner, and Zha 2010]) Monacelli, Perotti, and Trigari 2010D
34 Beaudry, Collard, and Portier 2011]) Barsky and Sims 2011
35 Paciello 2011) Born and Miiller 2012
36 Bachmann and Sims 2012[) Ravn, Schmitt-Grohé, and Uribe 2012])
37 Collard and Dellas 2012) Barakchian and Crowe 2013)
38 Corsetti and Konstantinou 2012) Baumeister and Peersman 2013[)
39 Bekaert, Hoerova, and Duca 2013) Cloyne 2013)
40 Blanchard, L’Huillier, and Lorenzoni 2013[) Jang 2013)
41 | (Keating 2013) Kurmann and Otrok 2013)
42 Forni and Gambetti 2014]) Leeper, Walker, and Yang 2013])
43 Kano and Nason 2014)) Mertens and Ravn 2013)
44 Kurmann and Mertens 2014[) Mumtaz and Zanetti 2013
45 Mertens and Ravn 2014,
46 Monnet 2014)
47 Nickel and Tudyka 2014])
48 ‘Walentin 2014)

Table S.8: The table lists SVAR articles in the top 8 macro journals over the period
2005-2014.
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