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1 WLS interpretation of DGLS

The model of Malmendier and Nagel (2016) assumes a non-increasing gain algorithm with
gain sequence g; = min (1,60/t) where 6 denotes the forgetting factor. So, denoting by [6]

the ceiling of 0 (i.e., the smallest integer at least as large as ), expression (6) implies

; t—6]-1 t—6]-1 i1
Yy = Tk I -9+ > [gt—j [T~ gt—i)] Yi—j-

i=0 §=0 i=0

Hence yy,; can be written as

t—[0]

e

Y41 = Z Kt jYt—j,
J=0

where
% E:tfjJrl 00 i<t —[0];
fg = 1o iz 52 ifj=t—16];
0, it >t—[0].
Since q(¢+1)...(¢+n) = % if ¢ is not a negative integer, the weights satisfy, for
t>[6],
D(t+1-0) T(t—j) ¢ - ‘
Ky — Ot rien i <t—[0];
7-] -

0, ifj>t—1[6].

We now ask whether there exists a sequence wy,; such that y¢, ; can be written as solution

to the Weighted Least-Squares problem:

t—1 t—1
e ; E . . 2 E -
a - -
7=0 7=0

i.e. such that
t—1 t—1
Yiy1 = Z Wt jYt—js Z wyj = 1.
J=0 J=0
By identification, it is clear that it suffices to choose

K,t7 1
wt,j — thj'. (S—l)
j=01t.j



We now consider the asymptotic behavior of the latter weights. Using Stirling’s formula that

states that ((ﬁa)) ~ j%7 for j large (see Baillie, 1996, p. 20), we see that for ¢ and t — j

large,
K~ 0t +1)70 (@t —5)" 0,

Hence, since 8 > 0, as t — o0,

t t—1
D ki~ 070> 0
Jj=0 Jj=1
Therefore for t and t — j large, the least-squares weights satisfy:

Ftj 40 (t — j)—(1—9) .

Efzo Kt

wt 7j =

2 Proof of Expression (11)

Using expressions (1) and (6), a; = ll%ﬁggttat_l + 1;‘7759)5% such that, for g = min (1,6/t),
= 1 —gii ‘& g—j 71— g
7 —J —1i
a; = ap + Ti—j
H 1—Bgi—i ]E: 1—59t—jg1—5gt—i !
¢ t ot

=ao ] 1—6;j+z 11 1= b9, 1 da,

§=[0] i=[0] j=i+1

hence,

t
wma I 20
7=[0]

T(t+1—6) T([0] - B6) g L(t+1-6) Lor(i-p9)
T([0]—6) T(t+1—56)" FG+1—&%E%F@+1—$%

j—0 1
Z H BGH—BQ

=[6]Jj= z+1

since t = % soa(a+1)...b= Flgj(:)l). Substituting for yf,; = a; into (1) yields
_ T(t+1-6) T([6] - B9) T(t+1-0) < T (i—po)
=P e tari— B0 T T T g ;{;} T(i+1-0)"

Assume ag = 0 without loss of generality. Changing the index of z; and leading this expression
7 periods yields

T(t+j+1—0) % L(i—p6)
F(t+j+1—59)i:HF(z’+1—0) ‘

Yiyj = Tepj + B (5-2)



Hence, for j > 1 and t > [0],
Onss _ 4y T(t+i+1-0) T(t—0)
Oy Ft+j+1-B80)T(t+1-6)
which yields equation (11) using Stirling’s formula (see Baillie, 1996, p. 20).

3 Degree of Long Memory of 37

The next proposition shows that, under Gaussianity, when the degree of long memory of y; in
a model with learning is sufficiently high (d > 1/4), the long memory of y?, dg, corresponds
to the degree of long memory of a squared ARFIMA(p, d, q) , see Haldrup and Kruse (2014).

Proposition 1 Let the process y: satisfy the conditions of Theorem 2 with x; N (0, 0326),
ap =0 and (1 — B)6 € (0,1]. If y; has long memory of degree d > 0, then y? has long memory
of degree

1 1 1
dz = max [2 (d—2> +2,0] = max [2d—2,0],

Proof The proof proceeds in the following steps. Decompose
T T T T
D=0 al+28) awi+ ) ai
t=1 t=1 t=1 t=1

Because of the Cauchy-Schwarz inequality, we only look at the magnitudes of var (Zle x%) ,
var (Zthl atz) and var <EtT:1 atxt> as the covariances will be of no greater magnitude than
the variances with highest magnitudes.

. . iid
First, since z; ~' N (O, 0326) ,

T T T-1 T T 2
Var(fo>:E Z:cf—i—QZ Z xfa:? —E Zx?]
t=1 t=1 t=1 j=t+1 t=1

=3To? + 202 [(T ~-1)T - W] — 1%
= 2Toh. (S-3)

Next, we prove below the following two expressions:

Var (ZL ag) = 20220200 if (1-8)0 < L,
Var (zle ag) —0(log*T), if 1-p8)0=1, (S-4)
Var (X7, a2) < 72902 i (1 B)6 € (4,1],



and, for (1— )6 € (0,1],

T
Var (Z at:ct> = log?T. (S-5)
t=1

From (S-3), (S-4)), (S-5) and the Cauchy-Schwarz inequality, it follows that the order of
magnitude of Var (Z?:l yf) is the same as that of Var (Zz;l af) + Var (Zle x%) , SO

T 1-201-8)0 _ 1
T2 , if (1 0 < 3,
sd <T—1/22y§> = 1=5)0 <3 (S-6)
=1 1, if (1-8)6> 1.
Hence, the degree of long memory of 3? is
1 1
ds = max [2 —-2(1 —6)9,0] = max <2d— 2,0) ;
Proof of (S-4)) To prove (S-4), we show that
N2 7202080 if 9 (1 - B) < 3,
E (Z a?) = q log*T, ifo(1-p6)= %, (S-7)
= T2A0-50-1/2) it (1 - p) e (L,1],
and that
. 2 722080 if (1-8)60 < 1,
(E [Z a?]) =< log*T, if (1-p8)0=1, (S-8)
t=1
log? T, if (1-p8)6>1.

2
where, when (1 — 3) < 1/2, there is no reduction in magnitude when computing E [(ZtT_l a%) ] -

2 T 2 o
<E [ZL a?]) so Var (thl a?) — T201-2(1-8)0)
We start with the proof of expression (S-7). Assuming that ag = 0, we write

t
a; = hy E Wi T,
i=1

where w; ~ W and hj ~ Hr(j +f£ﬁi(—£) o) Stirling’s formula implies that as
j =0
hj ~ 05~ (1=P8 (S-9b)



which we will use several times in the proof.

First, consider

T 2 T
(Za?) = ZE a} —|—22 Z ata (S-10)
t=1 =1

t=1 j=t+1

where

‘ 2
= (ht Zwm) = h2 Zw2x2 + 2ht Z Z WiWjT;T ;.
=1 i=1 j=1+1
2

Hence, for j > t, the product a?a?

j writes

afa? = h?h? Zw2x2 +2 Z Z WiWET; Tk [Z w2x2 +2 Z Z wlwkxzxk]

i=1 k= H—l =1 k=i+1
= h?h2 Zw2x2 + 22 Z WiWELT; Tk,
=1 k=i+1
J
[Z w2x2 + Z w2x2 + 22 ( Z WiWETiTE + Z wiwkxixk)
i=t+1 k=i+1 k=t+1
Jj=1 J
+Z Z wiwkxixk].
i=t k=i+1

Collecting terms,

2
ata = h; h2 [Z w2x2 + 22 Z wzwkxzxk]

=1 k= z+1
+ h?h? [Z w2x2 +2 Z Z wzwkxlmk]
1=1 k=i+1
J — J j—1 J
X [Z wfat? +2Z Z WiWET; T +Z Z wiwkxi:ck] )
i=t+1 i=1 k=t+1 i=t k=i+1

The expectation of the product a?a?

E [ata = h; h2 [Z wiz? + QZ Z WiWET; xk] (S-11)

i=1 k=i+1

+ hfh?E [(Zw?x?) ( Z w?m?)]
1=1 i=t+1

can therefore be decomposed in two simpler terms:



since all the other elements in the previous expressions have zero expectations. We consider
in turn the two terms that appear on the right-hand side of expression (S-11)). First, progres-
sively expanding the quadratic terms and discarding the elements with zero expectations, we

obtain the following simplification:

[Zw2x2+22 3 wzww,{]

=1 k=i+1
t—1 ¢ 2
=E (Zw2 2) +E <QZ Z wiwkxi:rk>
=1 k=i+1
= (Zw4x4+22 Z wiwia? a:k>
=1 k=1+1
+4E (Z Z wfwix?wi)
=1 k=i+1
[Zw —1—22 Z W Wk]
=1 k=i+1

The second term in expression ([S-11|) satisfies
t J
e (et} (32 i) = [yt 30 ]
i=1 i=t+1 = s=t+1
Collecting the previous results, for j > t,

E [afa?] = 302hih} [Zw +2Z Z w? wk]

=1 k=i+1

+ hih} [Zw Z 8] ot

=1 s=t+1

Expression (S-10]) therefore writes:

E<gaf)2—3042h4 [Zw +2Z Z W wk] (S-12)

i=1 k=i+1
T
—I-GUiZ Z h?h? Zw +ZZ Z w3 wk] (S-13)
t=1 j=t+1 =1 k=i+1
T-1 T t J
—1—20;1:2 Z h?h? (Zw?) (Z w?) (S-14)
t=1 j=t+1 i=1 s=t+1



We consider, in turn, the three cases where (a) (1 —3)60 € (0,1/2), (b) (1 —5)8 =1/2, and
(¢c) 1—=p5)0 € (1/2,1]. We study the asymptotic behaviors implied by those of h; and w;

given in expression (/S-9)).
First, case (a), when (1 —5)0 <1/2s02((1—5)8 —1) < —1 then as t — oo

and

tzi Zt: wiw NtZi Zt: E2((1=3)6-1);2((1-5)0-1)

=1 k=i+1 =1 k=i+1
t k—1
3 42A-50-D2((1-5)0-1
k=2 1=1

= 1.

Hence expression ([S-12)) satisfies, as T' — oo,

t—1 ¢ T
304Zh4 Z f+2z Z wiw? thf
t=1

i=1 i=1 k=i+1
T
_ Zt—4(1—ﬁ)9
t=1
T80 i (1-B) 6 < 1/44
= q logT, it (1-8)6=1/4

1, if (1—5)60>1/4.

Consider now expression ([S-13)), as T'— oo. Since 2 (1 — )6 € (0,1),

T-1 T

6aiZZhh§ Zw +QZwak
t=1 j=t+1 =1 k=i+1
T-1 T T

— Z h%h‘? Z Z t_2 9 -—2(1-B)6
t=1 j=t+1 t=1 j=t+1

Finally, expression ([S-14]) satisfies

2042 Z hZh? (Zw ) ( Z 2) —0 <T2(1—2(1—6)0)>

t=1 j=t+1 s=t+1
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since (320_, w?) (Zi t+1w> = 0(1) ast — oo. It follows, as 2(1 —2(1—5)60) > 1 —
4(1— B)6, that

T 2
(Z a?) — 72(1-2(1-6)0)
t=1

Now, consider the case (b) where (1 — 3)0 = 1/2, then >"i_, w! < 1 and, as t — oo,

t—1 ¢ t—1 ¢
> > whwie Y kN

i=1 k=i+1 i=1 k=i+1
t
log k
= = log?t
>~ =los
k=2

Hence expression (S-12)) satisfies, as T — oo,

304Zh4 [Zw —1—22 Z w; wk] Zt 2log?t < T 'log? T.

=1 k=i+1

Now, regarding expression (S-13)) since 2 (1 — 3)6 =1,

6042 Z hih? [Zw +22 Z w? wk]

t=1 j=t+1 =1 k=i+1
T-1 T
log?t
D OEa
t=1 j=t+1
= log*T

and, for expression ,
2042 Z hth2 (Zw ) (Z §>

t=1 j=t+1 s=t+1

d logt logj —logt
e 3 () ()
#Y Yy :

t=1 j=t+1
VTZ_I logt i logj —logt
- t ) J
t=1 j=t+1

= log*T.




Consider now the case (c¢) where (1 — )6 € (1/2,1], then as t — oo,

t t 1, if (1-p8)0¢
DTS LTSS ST
— i1 tMA=P0=3/1) if (1—-B)6 €
and
t k—1
ZwamZZ/@u B)0-1) 2((1-5)6-1)
i=1 k=it1 =2 k=1

— MO-B)0-1/2)

Hence, for expression (S-12]),

(1/2,3/4);

(3/4,1).

T
304Zh4 [Zw +2Z Z w3 wk] = 3 =002

1=1 k=i+1 t=1

Now, for expression (S-13), with 2(1 — 3)60 > 1 and as T" — oo,

6042 Z hih? [Zw +2Z Z w3 wk]

t=1 j=t+1 i=1 k=i+1

T-1 T
_ (A(1-8)6-1) j-2(1-5)0
t=1 j=t+1
T
Z t 8)6—1) —21 B)GVZtQ(
t=2 j=1

T2((1-B)0-1/2)

X

Finally, expression ([S-14)) yields

S £ ) (£

t=1 j=t+1 s=t+1

Ngaii XT: h2n (Z —2(1-(1- 69)> (Z —20-(1- me))

t=1 j=t+1 i=1 s=t+1

T

2

20’494 i 1 :—2(1-8)0,2(1— —
- _j 2(1-B)6—1
4(1—-p)6—1/2)° tzjzl ( )

~ T2(1-B)0-1

10



It follows that, since the exact T2(1=#9=1 magnitude does not cancel out when adding ([S-13))

and ([S-14), that
2
(Z at) = 2(1=F)0- (S-15)

This completes the proof of expression (|S-7)).

We now turn to the proof of expression (S-8|). Consider

T T t
c lz 2] 2y (hg Zw3>
t=1 t=1 =1
where

WP o 2090,

2 -—2(1-5)0

It follows immediately that

. 72080 if (1 B) < 4,
E[Z@?] =9 log?T, if 6 (1—p5) =3,

t=1
log T, ifo(1—p3) > 3.

2
When (1 — ) 6 < 1/2, there is no reduction in magnitude when computing E {(Zfl a%) ] -

2 2
(E [Zthl a?]) , indeed the magnitude of E [(Zthl a?) ] is driven by expression (|S-13|):

6042 Z hih? [Zw +22 Z w? wk]

t=1 j=t+1 i=1 k=i+1

2 2
which differs from the driving term in the magnitude of (E [Z;T:l a%} ) , namely o7 [ZtT RIS w?

owing to the factor 607 in front of the expression.

Proof of (S-5) We now turn to Var (Zthl atxt>, noticing that E [ZtT:l atzz:t} = o2 Zthl hpwy =<
log T.

11



. ¢
Now, since a; = hy ) ;4 wix;,

T 2 7 T t-1
(Z ata:t> = Z a?a:? + 2 Z Z Qi T1AET )
t=1 t=1 =2 k=1
t —1 ¢
= Z h? wa:r? +2 Z Z WiW;j T T z?
t=1 i=1 i=1 j=i+1
t—1 t k

+2 Z i Z Z hthkwiwjxixtmjxk

t=2 k=1 i=1 j=1

Hence, taking expectations, the expression simplifies to

T 2 T t—1 T ¢
E (Z atxt> = Z h? | 3w? + Z w?| + 202 Z Z hehpwiwy.
t=1 t=1 i=1

t=2 k=1
Now, using the same asymptotic expressions for h; and w; as before, the previous expression

becomes
T 2 T ¢ T ¢
E (Z ata?t> ~opg?y AP [2t2(1(1f3)9) + ) i20E0N | 4 og2ed YN !
t=1 t=1 =1 t=2 k=1
T t
= 0p? ) " |2t 2 4 ¢ 207A0N 2000 |y og? T
t=1 i=1
We use
. 1, if0(1-p) < 3,
D 2000 < 8 ot if6(1—p8) =1
=1
t1=0=1"if o (1 - B) > 1.

Hence, for all (1 — )6 € (0,1]

T 2
E <Z atfct> = log?T,
t=1

and the result follows.

4 Additional Simulations

We present two complementary figures that complement the results of Theorem 2 in the

paper. Figures and report, respectively, the log of sd (T —1/2 Ethl yt) and the growth

12



Figure S.1: Magnitude of the log of the Monte Carlo standard deviation of the sample mean,
log sd (Tﬁl/ 2y yt) , as a function of the log sample size when agents learn using RLS.

rate of sd <T —1/2 Zthl yt) /log T under RLS learning as a function of log T In both figures,
the horizontal axes is the log of the sample size. The sample sizes range from 200 to 50,000 for
which we produce 10,000 Monte Carlo replications. The data generating process is the same
as in the Simulations section (Section 4) of the paper, with 03 = co. The figures illustrate

that, as the sample size increases, sd (Tﬁl/ 2 Zthl yt> behaves as the Theorem 2 implies.
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Figure S.2: Growth of the ratio log sd (T=Y23" ;) /log T as a function of the log sample size
T when agents learn using RLS.
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